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Received: 5 Apr 2023 As highlighted in the literature, one of the main difficulties in mathematics is the management
Accepted: 9 Oct 2023 of different semiotic representations. This difficulty occurs in verticals throughout schooling and

is often an obstacle to the proper learning process of mathematics. The present study aims to
investigate the different facets of these difficulties with regard to mathematical tasks in
secondary school. In particular, questions from Italian large-scale mathematics assessments are
analyzed and interpreted through the theoretical lens of Duval's (1993) theory. Statistical
analyses on a robust national sample allow a framing of the main difficulties and provide
valuable information in this field.
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INTRODUCTION

This work fits within a broader strand of research into the informed and formative use of large-scale
mathematics assessments (De Lange, 2007; Looney, 2011). Along with the development of the most important
international experiences (IEA-PIRLS, IEA-TIMSS, and OECD-PISA), in recent decades almost all countries have
introduced large-scale national surveys of learning in primary and secondary schools (Eurydice, 2016). As
highlighted in the literature (see for example, Doig, 2006), the institutional impact of large-scale assessments
also has strong consequences at the classroom level, thus on teaching-learning processes. These surveys,
constructed with the goal of assessing mathematics learning at the system level, are having increasing
implications from educational, instructional, cultural-historical, and policy perspectives both locally and
globally (Atkin, 1998; Breakspear, 2012; Kanes et al., 2014; Tasaki, 2017). All this has led to large-scale
standardized assessments becoming, in different directions, the subject of research in mathematics
education (De Lange, 2007; Kloosterman et al., 2015; Meinck et al., 2017; Suurtamm et al., 2016). In particular,
several studies highlight the extent to which mixed-method research conducted from the analysis of large-scale
mathematics assessment questions can characterize, quantify and measure the extent of several phenomena
already studied in the literature framed by internationally shared constructs and contextualize them, within
different educational systems (e.g., Facciaroni et al., 2023; Ferretti et al., 2022; Garuti & Martignone, 2019;
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Mazza & Gambin, 2023). In this paper we focused on a macro-phenomenon that emerged in large-scale Italian
evaluation regarding the handling of different semiotic representations in Duval's (2006) sense.

As highlighted by literature, the management of different semiotic representations represents one of the
main obstacles in mathematics learning (Presmeg et al., 2016). The nature of mathematical objects, from both
epistemological and ontogenetic points of view, means that they require an interpretation of different
semiotic representations if they are to be understood. As some fundamental education studies report, the
management of transformations within semiotic registers plays a crucial role (e.g., Duval, 2008). As we will see
in the case study featured in this paper, the management of transformations within different semiotic
registers causes difficulty for many pupils at different scholastic levels. Understanding the nature, structure
and organization of learning in mathematics is a crucial problem of research in mathematics education.

In details, our study focuses on analysis of responses given by grade 8 and grade 10 pupils in Italian
national large-scale tests (INVALSI) to two mathematical questions that require the management of different
semiotic representations in different registers. Analysis of INVALSI data allows national quantification of
phenomena highlighted in the literature in mathematics education (e.g., Casalvieri et al., 2023; Ferretti &
Giberti, 2020; Spagnolo et al., 2021a). For each question, the INVALSI commission delivers the results of a
national sample group with detailed statistical analysis that also considers students’ mathematical
competence. As we will explore further hereafter, a mixed-method research study (Hart et al., 2009) conducted
with combined qualitative and quantitative analysis, allowed the measurement and quantification of the
phenomena under investigation as well as a new definition in terms of student competence (Ferretti &
Bolondi, 2021). As also shown in Gambini et al. (2017), macro-phenomena that emerged in INVALSI
standardized assessment allows us to study and characterize the management of different semiotic
representations.

THEORETICAL FRAMEWORK

As highlighted by Presmeg et al. (2016), semiotics has been at the center of various studies targeted at
improving the processes involved in mathematics learning. One of the main research topics in mathematics
education has been the management theories of different semiotic representations and their management
within a semiotic system (Duval, 2008). The key concept is that the student does not encounter the
mathematical object itself but one of its representations during the mathematics learning process. During the
mathematics learning process, it is vitally important that all teachers clearly understand this concept, as
otherwise, the students could become confused and mistake the semiotic representation for the
mathematical object (Ferretti et al., 2022). When and if it is later necessary to modify the semiotic
representation of the same “object”, the student will not have the means (critical or cultural) at his/her disposal
to perform the transformation, thus producing a cognitive gap. Thus, it is essential in mathematics education
to guarantee good management of semiotic representations. According to Duval (2008), two distinct
processes are involved: treatment and conversion. Treatment is a semiotic transition from one representation
into another within the same register, whereas conversion is a semiotic transformation from one
representation into another in distinct registers (Duval, 2008). According to D’Amore (2003), precisely the
union of the choice of the distinctive features that we want to highlight of the concept, the treatments, and
the conversions are the three “actions” on a concept that represents the “construction of knowledge in
mathematics”. This approach forms part of a constructivist perspective, where mathematics learning is strictly
connected to the ability to use semiotic representations, which emerges in representing them in a given
register, treating them in the same register, or converting them if they are in two different registers. It
therefore turns out to be necessary, for the construction of mathematical learning, to go through the
awareness and mastery of the three components of semiotics that are considered today as explicit goals of
the teaching-learning process and that are considered “transversal practices”, being external to any practice
and specific to the overall management of mathematics teaching-learning. it should be considered that the
consequences of Duval's (1993) paradox could occur, according to which there is a risk that the student does
not arrive at noetic (conceptual learning) but remains at semiotic handling. This could happen when the
teacher makes the student handle an excess of semiotic representations of the same concept, or when he or
she does not provide a sufficient variety of representations. The paradoxical situation mentioned above,
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makes it necessary to pay close attention from an educational point of view to this topic, analyzing in depth
the students’ beliefs, the distinctive features they choose, the motivations behind these choices, the meaning
they attach to these representations, the different semiotic registers and the different representations
proposed (Duval, 1998). As we will see in this paper, the management of semiotic representations within the
same register is a source of much difficulty for students. The questions that guided our research are: among
macro-phenomena that have emerged in large-scale assessments that highlight widespread difficulties, can
the theoretical lenses of semiotic representation management provide suitable interpretive lenses? If so, can
data analysis provide quantification and further characterization in terms of treatments and conversions in
Duval's (1993) sense?

METHODOLOGY

Our research focuses on analysis of results from standardized national assessment tests, INVALSI tests. In
the Italian context, we have the possibility to track some students’ difficulties over time thanks to INVALSI tests
(tests with the purpose of measuring students’ levels of competence in relation to the Italian curricular
Guidelines), which were administered since in 2008 in grade 2, grade 5, grade 8, grade 10, and grade 13 from
the National Institute for the Evaluation of the Educational System (from 2009 to 2013, the tests also covered
grade 6).

The Italian Ministry of Public Education established that INVALSI (www.invalsi.it) would have been
responsible for the standardized assessment of the Italian educational system to conduct yearly surveys of
all students in second and fifth years of primary school (grade 2 and grade 5), third year of middle school
(grade 8), and second and fifth years of high school (grade 10 and grade 13). The national evaluation system,
in particular, is run by the INVALSI Institute, which also periodically and systematically assesses students’
knowledge and skills (relating to reading comprehension, grammatical knowledge, and mathematical
competency) and the overall quality of educational opportunities provided by schools and vocational training
institutions. The major objective of INVALSI standardized tests, which were developed for system evaluation.
The tests are administered every year at census level and student results are provided to each school
institution. Results and questions of INVALSI tests are considered as a resource also for researchers in the
field of mathematics education (Garuti & Martignone, 2019) and are used in national and international
research (e.g., Spagnolo et al., 2021b, 2022).

In recent decades, large-scale national and international evaluations have developed and are increasingly
coming into the school world on different levels (De Lange, 2007). While the comparisons with regional,
national, and sometimes other countries are increasingly at the center of political, social, and educational
debates in the school world, including at the decision-making level, timely returns at the class and school level
can provide valuable information to individual contexts. INVALSI is the research body that annually collects
data regarding Italian students’ learning at different scholastic levels in Italy. INVALSI census tests are
administered throughout Italy and the data are analyzed on statistically significant samples gathered
nationwide; various research studies in mathematics learning have developed due to phenomena identified
from INVALSI data (Casalvieri et al., 2023; Ferretti & Bolondi, 2021; Spagnolo et al., 2021a). Theoretical
framework of INVALSI mathematics test consider both the Italian national guidelines and the key concepts of
both national and international mathematics education (INVALSI, 2018). Indexes of classical test theory and
the application of the Rasch model (Callingham & Bond, 2006; Rasch, 1960) serve as validation of INVALSI
tests. This logistic parameter model enables an approximated assessment of each item’s difficulty and student
ability. Rasch model expresses probability of giving the right response to an item in terms of both the item’s
intrinsic difficulty and the student’s ability as determined by the complete test. Characteristic curve has been
denominated by the logistic curve that the model thusly generated. Specific graphs that allow a comparison
between the item characteristic curve and model output with empirical data, particularly the trend of each
answer option while considering the student's ability levels as demonstrated by the overall test, provide
crucial information on the item behavior. Both percentage terms (probability of choice) and characteristic
curve obtained by applying the Rasch model to INVALSI sample group will be used to present the item
outcomes in this study. In further detail, the research methodology we used in this study is mixed, qualitative-
quantitative (Hart et al., 2009), and the purpose of combining the research components is to integrate the
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Figure 1. Task administered nationwide in 2016 INVALSI test, grade 10 (Source:
https://www.gestinv.it/Index.aspx; translation edited by the authors)

results obtained in each (Schoonenboom & Johnson, 2017). According to Johnson and Onwuegbuzie (2004),
QUAN->Quan+QUAL scheme is incorporated into the research method. Using Duval's (1993) semiotic theory
lens technique, the initial research step involved a search among the large-scale assessment outcomes (for
examples different representation conversion problems). This study was conducted using the research tool
Gestinv (www.gestinv.it), INVALSI database already used in previous research studies (e.g., Ferretti et al.,
2022). Gestinv allows to search, among all INVALSI tasks administered to Italian students, for answers to tasks
that showed the lowest percentage of correct answers nationwide (QUAN stage). Results were used to address
research question of this study, examining the ability to manipulate representations of mathematical objects
in different registers, specifically the ability to perform conversion as laid down by Duval (2006). In last stage,
Quan+QUAL stage, national results and their respective statistical analysis were integrated with the qualitative
approach through a theoretical lens. Analysis was carried out specifically on the data related to the percentage
of chosen options and the percentage of correct answers. Finally, a characteristic curve interpretation allowed
for a deeper examination of student performance in relation to their ability determined through entire test.

RESULTS

Tasks chosen in this study are INVALSI tasks (as also specified in the previous section). In our study we
focus on INVALSI tasks of grade 8 and grade 10, which in Italy are the transition years from middle school to
high school. In addition, we chose tasks from the Gestinv database (www.gestinv.it) that focused on perform
an operation on a number.

The task shown in Figure 1 was set for all Italian students in grade 10, the second year of secondary school,
during the scholastic year 2015/16. To answer this question correctly, it is necessary to identify which number
present in the four answer options represents the square root of the power stated in the text. The necessary
operation (the square root) is stated in verbal form.

The content and skills required to complete this task are in accordance with the national guidelines (MIUR,
2012). The numbers in all four options are transformations of the number in the question text, with
manipulations of either the base or exponent. The correct answer is option D. The question was administered
to approximately 550,000 students in the second year of secondary school. The results were analyzed from a
significant sample of approximately 34,000 students. Only 26.4% of students provided the correct answer,
69.1% were wrong, and 4.5% failed to provide an answer or offered invalid replies. The percentage of wrong
answers was very high, resulting as one of the highest percentages of wrong answers from the entire INVALSI
tests given to grade 10. Among the wrong answers, B was the most popular. Option B was chosen by 49.6%
of students, by more than two-thirds of the students who made a mistake. In the number of option B, the
power exponent in question text was correctly divided, but the base was also mistakenly divided. The
numbers in option B and the question text are represented in the same semiotic register, but the required
operation (the square root) is expressed verbally. To answer this question, it is necessary to perform a
transformation of two representations in different semiotic registers (from verbal to numeric register), in what
Duval (2006) terms a conversion.

The graph shown in Figure 2 is the characteristic curve of this question, showing the probability of choice
for each option according to the students’ skill level throughout the test. The performance of the correct
answer (dotted violet line) is in accordance with the model prediction (continued violet line), which suggests
that the question is valid from an assessment point of view (Rasch, 1960). Option D (dotted light blue line) was
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Figure 2. Characteristic curve of answers nationwide referring to grade 10 task investigated (Source:
https://www.gestinv.it/Index.aspx)
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Figure 3. Task administered nationwide in 2012 INVALSI test, grade 8 (Source:
https://www.gestinv.it/Index.aspx; translation edited by the authors)

the most popular choice of students with the highest skill levels (as far as the eighth decile) and among
medium skill levels it was chosen by more than 60.0% of students. This suggests that the difficulty of managing
conversion between two different semiotic representations is limited to low-level mathematics students and
(particularly) students who demonstrate medium/good skill in mathematics. The correct answer was chosen
mostly by students in the top two deciles of competence.

The task shown in Figure 3 was administered to all Italian students in the third year of middle school as
part of the INVALSI grade 8 test in 2012. The task calls for manipulating semiotic representations in two
different registers, which Duval (2006) terms a conversion. The task verbally instructs the student to calculate
a power to the tenth (expressed numerically). The correct answer is option D.

In 2012, INVALSI test was part of the state-managed middle school leaving certificate and so student
performance was generally always good in comparison with other tests (means that INVALSI test at grade 8
are considered by students as “higher-stake tests”, compared with tests in other grades). The task was set for
approximately 590,000 students nationwide in the third year of middle school. The statistical analysis of the
data was carried out on a nationwide sample of around 10,000 students. Only 26.2% of students provided the
correct answer, 2.9% failed to answer or provided an invalid response, while 70.9% selected the wrong
answer. In this case, such low numbers of correct answers and high numbers of wrong answers places this
task among one of the most difficult sets in INVALSI tests for grade 8. However, the skills and knowledge
required are following those established for the end of third-year middle school by the national guidelines
(MIUR, 2012). Again in this case, as we can see in the characteristic curve in Figure 4, the correct answer
(dotted violet line) is following the model prediction (violet curve). For very low skill levels, all three wrong
answers had a 20.0% probability of being chosen-specifically, almost half the students in the first decile were
likely to choose option A (green line). Option A, where “10 is subtracted” from the exponent of the power
present in the text, was the most popular option among the very high levels (as far as seventh decile). Option
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Figure 4. Characteristic curve of answers nationwide referring to grade 8 task investigated (Source:
https://www.gestinv.it/Index.aspx)

B was also popular, where the “tenth part” of the base stated in the text is calculated; indeed, as the graph

shows, this was chosen by more than 30.0% of medium-ability students. The correct answer was popular only
with students in the top two ability deciles.

DISCUSSION

This paper analyzed answers provided by students in a large-scale national mathematics assessment test
for grade 8 and grade 10. In the tasks analyzed in this study, selecting the correct answer requires a strong
mastery of manipulating two semiotic representations of the same mathematical object in numeric form. The
majority of students in both scholastic levels investigated provided an answer, and there were not many
missing or incorrect answers; this suggests that the subject was well-known to the students and that they felt
competent in answering the task. For this task, student does not have the contextual meaning of the activity,
and manipulable objects have various semiotic registers. Most of students who chose incorrectly, according
to Duval (2008), did so by selecting options, where it is obviously difficult to execute the conversion between
two semiotic registers. This is shown through analysis of students’ answers. In both the tasks investigated,
performing an operation (described verbally) regarding a power expressed in the question text is necessary.
To answer correctly, it is necessary to manipulate the exponents; for both the scholastic levels in question,
the majority of students who made a mistake carried out the “verbally-expressed operation” also, or only, to
the base number. As can be seen from the statistical data, in the task for grade 10 (Figure 1), most students
who made a mistake chose option B, where the power has the correct exponent but the wrong base. Indeed,
the base number results from the “verbally-expressed operation” of the power base in the task. The same
trend can be seen when analyzing the task results for grade 8. Also, in this case, most students who answered
incorrectly opted for A and B. The power in option A has the same base as the correct answer but a different
exponent: in this case, there has probably been a misunderstanding of the operation expressed in verbal
language. The mistake made by students who chose this option echoes the most frequent mistake by grade
10 students: in both cases, verbally-described operation is carried out on base number instead of exponent.

The request in both items can be described, as follows: we have a task, which, in both cases, is “perform
an operation on a number” (as we have already pointed out). The operation is expressed in the verbal register,
the number in the symbolic one. The answer must be chosen among numbers expressed in symbols.
Conversion must be performed on operation: pupils must covert the operation from one register to the other.
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In both cases, the most “popular” option is the one, where pupils perform a conversion of the operation
expressed in words, which results to be confused and wrong since there are meaningless interference of
repeated school practices. In the first case, “square root” is converted, in option B, in “divide exponents” (which
is related to a correct conversion) + “square root of the basis” (which is a “literal” conversion of the verbally
expressed task). In the second case, “divide by ten” is converted, in the most popular option, in “subtract
exponents”. So, we may say that these tasks show how repeated treatment practices within one register may
affect the ability of converting between different registers.

The phenomenon investigated is revealed at two different scholastic levels, with the same characteristics:
the difficulties investigated lie in the management of conversion (as outlined by Duval, 2008) between verbal
and semiotic registers. The problem is highlighted in a significant sample-around 272,800 students chose
option Bin grade 10 INVALSI task (16,800 from the sample analysis group). Furthermore, characteristic curve's
analysis also provides accurate information on how students behave, and their mathematical ability
measured across whole test. Students seem significantly more inclined to select incorrect response up to
medium-high ability levels, especially when selecting options examined above, as shown by both
characteristic curves (Figure 2 and Figure 4). This highlighted that a large number of students who reflect
higher ability can be affected by this phenomenon, in addition to “weaker” students. The fact that for both
scholastic grades the curves are similar (in fact, the graphs show that the issue under investigation appears
more commonly with reference to the grade 10 task), means that the phenomenon does not “disappear” as
students move up the school, i.e., it persists despite the acquisition of greater mathematic skills and
knowledge.

CONCLUDING REMARKS

The management of semiotic representations represents a widespread difficulty that often affects
mathematics learning (Duval, 2008; Presmeg et al., 2016). The difficulties highlighted and widely studied in
the literature are studied and quantified nationwide in our study's large-scale assessment test. Identification
of phenomena and examination of specific features were made possible by analyzing test answers from a
significant sample of Italian students (Ferretti & Giberti, 2020; Ferretti & Santi, 2023; Spagnolo et al., 2022).
Thus, these tools do not simply let to assess results of tasks, but also the processes that students engage in.
While examination of the characteristic curve (Rasch, 1960) emphasized particular behavior according to the
ability level of students as specified in the test, the percentage numbers of the individual alternatives provided
accurate information about mistakes made by students. The fact that the research focused on two different
scholastic grades, which correspond to two different scholastic levels in Italy, also allows the compilation of
vertical data. In fact, analysis of the two task’s results shows similar trends and peculiarities regarding the low
percentage of correct answers and the wrong options chosen. Specifically, the results highlight the same
difficulties in conversion (Duval, 2008) between two semiotic registers. The characteristic curves reveal that
this issue also regards students with medium-high levels of mathematical ability.

Data collection and analysis of the outcomes of large-scale national and international assessment tests
can offer an opportunity to examine results through a quantitative lens and suggest (as in our case) specific
issues about the macro-phenomena that emerge at the systematic level. This has already been mentioned in
previous studies (e.g., Giberti et al., 2023; Spagnolo et al., 2021b, 2022). These tests frequently reveal
“phenomena” of students’ behavior in response to various math tasks, as well as information about their
learning habits and processes, especially in terms of the dynamics and potential sources of their difficulties.
Data analysis and statistical measurement offer details on typical student difficulties as well as global
achievements at school system level. In order to study and develop key constructs in mathematics education
in the future, this study suggests starting points for additional research, where qualitative and quantitative
analysis carried out on extensive assessment tests may be crucial.
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